Higher Methods Booklet 2023

Collecting like terms

1) Use shapes to identify terms from the same families.
Remember to include the sign when drawing shapes!

2) Add/subtract within families

Example:

Simplify

N ED T
\><%</

-—ltx k35 ac-v

Index Laws: Algebraic

a+b

x®xx? =«

a b — ya-b

X" =X
(xa)b — xab

Example 1:

Simplify 2x°y x 4xy*
x4 =g
& x 23 et i x5 825, S
“" " U.. - 3|N= y°

Example 2:
Simplify  10x3y8 + 2x5y2

;3::1; -saa"s-a."' EESJLJ ‘
H';slcs‘-" SU.
Example 3:

Simplify (2x'y)’
23

(2%= %32 3x'*y?

(g'): N 5.:3 . 33
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Expanding single brackets

1) Use grid to multiply terms
) Use grid to multply cortful !
Example 1: Example 2: J
Simplify 3x(x + 2) Simplify 5(x + 3) - 2(x - 4)
. +2 X +3 X -4

55 |+19 20~y g

3x | 362 |4 62

- B2, "'
= Jat+ b \)</

ox ¢+ 23
= 3%+ 23

Expanding double brackets
1) Use grid to multiply terms

2) Collect like terms

Example:
Simplify (3x + 2)(x - 4)
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Expanding triple brackets
1) Expand first two brackets (using grid)

2) Use grid to multiply answer with third bracket

Example:

Expand and simplify (x + 5)(2x — 1)(x — 3)

X +5
2X 2X2 +10x 2%2+9x -5
4 x | 5

2x2 +9x -5

_5x 2x3 - 9x9C 6x7 5T 27x)+ 15
5 2x3+ 3x2-32x+ 15

-3| -6x -27x | +15

x | 2% | +9x

NOTE: Watch out for signs especially -x-=+
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Factorising: linear expressions

1) Factor out: HCF (number) and Lowest Power (letter)

2) Fill in brackets: how much extra do you need

Example:
e HCF of25and 30is 5

» Lowest power of x2 and x° is x?
5x2y(5 + 6x%2) e Lowest powerofyand y3isy

Factorise 25x2y + 30x%y3

Example (taking out a common linear factor):
Factorise and simplify 30(x + 1) — 10(x + 1)

100+ 1)(3-1(x + 1) + HCF of 30 and 10 is 10

» Lowest power of
10(x+ 1) 3-x-1)

1oo<+1)(§->{)

(x+1) and (x+1)2is (x+1)
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Factorising: quadratic expressions a = 1

T)axc
. ax2+bx+c
2) List factors of ac
o , +C -c
3) Select pair which add/subtract to give b ST+l F T
4) Fill'in grid o)l s
5) Factorise outside grid
6) Brackets
Example 1: axc=1x-12
Factorise x2 + 4x - 12 =-12 c is negative so signs are
X 2 1 12 different...
@ | ® +2-6=-4
X 2 | -2
’ i 314 -2+6=+4V
+6 [ +6x | 12 ANSWER: (x - 2)(x + 6)
Example 2: axc=1x6
Factorise x2- 5x + 6 =6 c is postive so both signs
x 2 1 6 are the same...
¢ E +2+3=+5
X x2 | -2x
-2-3=-5
3|3 | *6 ANSWER: (x - 2)(x - 3)
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Factorising: quadratic expressions a > 1

1)axc

ax2+bx+c
2) List factors of ac

+C -C
3) Select pair which add/subtract to give b + |+ |+
4) Fill'in grid S .
5) Factorise outside grid

6) Brackets
Example 1:

axc=2x-15
Factorise 2x2 - 7x - 15 =-30 ¢ is negative so signs are
% 3 1 3 different...
2 15 -3+10=7
x | 2x2 | 3x 3 10
5::6 +3-10=-7vV
5 |-10x | -15
ANSWER: (2x + 3)(x - 5)
Example 2: axc=12x-3
Factorise 12x2 + 5x - 3 =-36 C is negative so signs are
3x - 1 36 different...
2 18 -4+9=45 v
4x | 12x2| -4x 3 12
— [a o] v4-9=0
+3 [ +9x | -3 6 |6
ANSWER: (2x + 3)(x - 5)

Need to take the HCF out as factor.
In this case 4x is the HCF of 12x2- 4x

Factorising: DOTS
a2-b2=(a+b)(a-b)

Example 1:

Factorise x? - 9
. )e-\—'

(x +3)(x-3)

Example 2:
Factorise 81x2 - y?

(9x +y)(9x - y)

Example 3:
Factorise fully 75x2 - 27

3(25x2 - 9)
3(5x + 3)(5x - 3)

1. Take out HCF
2.DOTS
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Algebraic fractions: Simplifying

1) Factorise

2) Cancel
Example 1: Example 2:
s
Simplify: - 408X Simplify: 35X 2 + 20
+83DN 5
:5& 'S( k "'q')
3 ]
= Tcté
Example 3: Example 4:
2
Simplify: _ Simplify; X 10x+ 24
(x - DY) x2-36 «—— DOTS
> ,__l - -
-4 ’—w
(R 6)(x-¢)
= xvd

%-6
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Algebraic fractions: multiplying/dividing
1) Factorise numerators and denominators as much as possible

2) For divide: KEEP - CHANGE (to x) - FLIP

3) Cancel common factors in numerator & denominator

Example 1:

2
Simplify x“+5x+6 . 2
4 xX+2

= (a+ Nlx+2) < 2

S ———
“ (u.r))
N (xR
W)

2

Example 2:
1 L1 . o ax+ b
Show that g z5 7, 5 ¥ 1zz _1simplifies to y vhere a, b, cand d
areintegers. "\ Grid DOTS o
Factorise 1 1

everything: (2x — 1)(3x +5) = 2x+1D(2x-1)

1 (2x+1)(2x—-1)
b 2 —D@Ex+5) 1
2x+ DD
(Zx—=1)(Bx +5)
(2x+1)
(3x+5)

Keep-Change (to x

Algebraic fractions: Addition/subtraction

1) Cross multiply (including denominators!)

2) Write as one fraction
3) Expand and simplify

Example:
2x+1 _ x+3

2 & 5/_\ careful!

= 5(2e+1) 2(% +3) 2x+3=-6
o
S10x+¢d “2x-6
e
< 8ax-1

lo

Simplify
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Algebraic fractions: Addition/subtraction

1) Make lowest common denominator: include each term and/or
bracket with its lowest power

2) Multiply numerators

3) Expand and simplify where necessary
Lowest Common Denominator Example:

as a single fraction in its simplest form.

Express
P {:+3}1+x{x+3}

sk sae3 OV

xx+3)7 x(x+3)?
5x + 8(x + 3)
x(x + 3)?
5x + 8x + 24
x(x + 3)?
13x + 24
x(x + 3)?

Lowest Common Denominator: x(x + 3)?
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Solving Equations: Linear
1) Kill, kil

2) Get x's on one side and numbers on the other

* x's on both sides: Kill smallest x first *

Example 1: Example 2:
Solve 2x-4=6 Solve 5x-6=2x+9
4 +4 . 2% -2x
Ixel0 Ix-6<9
2 2 s 16
x
L) 21,@
3 3
XS5

10
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Solving Equations: Linear with fractions

1) Kill anything not trapped by fraction line
2) Kill fractions by multiplying

Example 1: Example 2:
Solve x-2=5 killthe-2firstas Solve x+2=3 kill the 4 first as
3 —_ its nottrapped 4 T everythingis trapped
+2 12 by the fraction R by the fraction
X - i line
%7 ine xt2e 2
x3 Xx3? -2 -2
=2 x<lo
Example 3:
cross multiply to Kkill
Solve X_Zﬁﬂ ~—__ both4and5
4 5 (DO NOT MULTIPLY
5(x-2)» 4-(x +3) DENOMINATORS)
s,n,-la ® q‘)('blz
-qx -ux
x-los\2
+i0 ¢10
xe22

11
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Solving Equations: Quadratics by

factorising

1) Rearrange = 0

2) Factorise

3) Put each bracket = 0 and solve

Example 1:
Solve x2-2x-3=0
(x-3)x+))=0

%-3=0 Xt+\=0
*d *3 -1 -l

[-3)

Example 3:

Solve 4x +2 =x2 + 3x
-2 -2
4xe2t+3 -2
-4 4o
osxl-2-2
(2 -2)ixp1) 50

X~2:0 X+130
262 <l -

ED )

kill LHS to
keep x?
positive

Example 2:

Solve x2 + 5x = 0
X%(x+5)=0

m x+5¢0

-i )
Example 4:

4 = x
Solve — 58 +3
4(213) = x(%+3)
4x ¥\2 = % 3
-yx ~4x
12232 oty
.12 =2
o=ab+4a ~12
(x +6)(2-2)20
X600 A-2%¢O
-6 <6 42 +2

*=-6) [52)

Solving Equations: algebraic fractions

1) Cross multiply (including denominators)

2) Write as one fraction

3) Kill denominator by multiplying

4) Expand and simplify

5) Solve
Example 1: Example 2:
Solve"l’r;3g"'38 =4 Solve ng 22 =3
careful! X + X -
0/-\ 4x-8=+32
XD - tx-8) , § 42) +2(xH) .3
2 et (x-2)
2 FU 3
3x-Q-ux+323 48 “ﬁ:—:‘—”‘;i&3
xbex-
-3 r23 e4g ey B xe
<2 23 2(nt-x-2) N(x*-x-2)
-xs2s bt~ 6 = J(x*-x-3)
Xs 28 6x -6 =32~ c-6

-6x -2
«b 23x*-9%-6
2 4
03t w

3z (x-3) <o

€0 x-3zo
xzp *3 %)
x=y

12
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Solving Equations: quadratic formula
To solve quadratic equations of the form ax? + bx + ¢ = 0 use the

formula:
sub a, b and c into:
—b+Vh? —4ac
X =— _-0OxvyO2-400

2 ' 20)

Example (calculator): Example (non-calculator):

Solve2x2-3x -10=0 SolvexZ-6x-8=0

Write your answers to 3sf.

o=2 be-d ce-lo where a and b are integers.

*Jh?—_ a=1 b=—-6 ¢=-8
i D ) . ~(0)£ /B —ID(H)
2(2) - 200
y \‘ 6++/364+32

X< 3.) S.w de o),
dwa 69jguns.. .
x=3.0 x=-L§l x=—

Write your answer in the forr g + Vb

13
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Completing the square: a = 1

) (xt )’ ()

2)H If coefficient of x

3) Subtract square
)

4) Bring number down

5) Simplify
Example:
Express x2- 6x + 11 in the form (x +a)2+ b

(x )-()y+1
(x-3)2-(-3)>+ 11
(x-3)?-9+11
(x-3)2+2

Answer: (x - 3)2 + 2
wherea=-3andb=2

Extension:
State the turning point of y = x2 - 6x + 11

Just simply remember (-p, q)! —— y = HZ l

For quadratics of the form x2 + bx + ¢

Turning Point: (3, 2)

Where (-p, g) comes from:

1) x value: what makes bracket equal zero? —_ y = Mz +2
x=3

2) y value: when bracket is zero \ y- (0)2 +2

y=2

Completing the square: a > 1

1) Take out factor of firsttwo terms [ ]

2)(xx )2-( )

3) Half coefficient of x

Ifp=-3
then-p =
3

For quadratics of the form ax? + bx + ¢

4) Subtract square

5) Bring number down
6) Multiply out

7) Simplify

Example:
Express 2x2 + 20x - 7 in the form a(x + b)? + ¢

2[x2 + 10x] - 7
2[(x  )2-()1-7
2[(x +5)?-(5)*]1-7
Fix + 52 225] - 7
2(x +5)2-50 -7
2(x + 5)2 - 57

Extension:
State the turning point of y = 2x2 + 20x - 7

Just simply remember (-p, q)! ——— y = 2(x 2 .

Turning Point: (

(when there is a coefficient of x2)

Answer: 2(x + 5)? - 57
where a=2, b=5, c=-57

-5, -57)

14
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Linear inequalities

1) Kill, kill (same as solving equations)

2) If you x/+ by a negative number then flip inequality sign
3) On number line: ofor < or >, @ for < or >

Example 1:

Solve the inequality and represent your solution on a number line

5 +7>-x+19
+x +¢
be+?7>14
-7 -7
_ba.>|3_
¢ T o—
222 _
0 2
Example 2:

Solve the inequality and represent your solution on a number line

12 - 3x 2 27
=2 -2
- divided by a negative number so flip inequality sign
_3"‘32* i Yy a neg p Inequality sig
3 -3 —0
x4 -9 $ }
-6 0
Example 3: whole

List the integers that$afi8% the inequality
A<2n<s
2 2 2
2<Nng¢ 25§

onswven -1,0,1,2

15
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Quadratic inequalities

1) Rearrange to get all terms to one side (squared must be positive)
2) Factorise to find critical values quadratic <0 quadratic > 0
3) Sketch graph
4) Write inequality % &\
a b a b
Example 1: \I/
a<x<b Xx<aorx>b
Solve x2 - 53 = 24
X?-5x-24<0
Critical values: x2 - 5x - 24 = 0
(x +3)(x-8) = 0 3NPe
x=-3,x=8 Answer; -3<x<8

Example 2:

Solve x2 - 5x ~ 24
X2-5x-24>0

Critical values: x2 - 5x - 24 = 0

(x +3)(x-8) =0

x=-3,x=8 Answer: x<-3,x>8

16
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Index laws: Numerical

x@ %yl = path x0 =1
x@ = b = ya-b _,0/1_? Write as fraction
X -_—— .
(xa.)b — xab ower . x4 2. F|Ip
root :DC:B — (W)a
Example 1:
- 2
Evaluate 32 3(_1_) Y
\ 3 N q
Example 2: Sometimes you may need to solve
Evaluate (gs)‘é equations which involve indices.
8 P In this case, make the BASE numbers the
=(._'_)§R same ...
1 E le3
xample 3:
= W)! . i
T olve * — 16%
(%—)a 2x%x8 16
. 2t 21 % (2%)** = (2%)* change to base 2
‘;_t 21 X 26x — 24-x
a4
25 21+6x — 241-x
equate powers
14+ 6x =4x
2x = —1
-1
X =—
2

17
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Ratio: using a ratio table

Example 1: Using a basic ratio table
Ali and Beth share £280 in the ratio 2:5.

Work out how much each person gets.
¥ &0
>

AlZ180 . Migeh £30
B|S {200 Both 3"h fro0
T |7 1230
A
40

Example 2: Using a ratio table with MORE and LESS
Kim, Laura and Molly share £385

The ratio of the amount of money Kim gets to the amount
of

money Molly gets is 2:5
Kim gets £105 lessthan Molly gets.

How much does Laura get?
X3S

a\iG’e.rmcu‘-"t‘fuh'= 5-1=3 @\_;o 395-70-175<1%0

. t: t S &= .
f3£3f;=%;5).3 _,qu‘,ch
lpet = == ﬁﬁﬁ’ flyo
Thd %S —

Ratio: using a ratio table

Example 3: Using a ratio table to ADD an amount

Riza has 35 red and yellow counters in a bag in the ratio 1:6.
She puts some more red counters into the bag.

The ratio of the number of red counters to the number of yellow
counters is now 1:2.

How many red counters does Riza put into the bag? xS
'
1 l}ﬁ\>5 You add red ‘ |
R comburs back R ()

Y
Shows Hhe Jome .
Tel) 7 |35 — Totdl
= —w E
x5 .. Rizea MSM

red wwmien inkofte bog

18
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Ratio: using fractions
Example 1: Using more than one ratio to find a fraction or percentage

On a school trip the ratio of the number of teachers to the number of
students is 1:15

The ratio of the number of male students to the number of female students
is7:5

Work out what percentage of all the people on the trip are female students.
Give

answer correct to nearest whole number. represel’]t I'a[iOS
as fractions and use
TS MS:FS ,
2. s 2.5 tree
b % 22
Is 5
T _— — _
t AT
A
-z
uc "‘i X100 = 39.0625

Fs V' 307 (earest whle romber)

Example 2: Usmg a diagram and fractions 10 de missing value
The points A, B, C and D lie in order on a straight line.

AB:BD=25and AC:CD=4:7 Steps

1. draw diagram

Find AB:BC: CD 2. label with fractions
P »n 3. find common denominator
sS 4. find missing section
-:—' = % ’5‘ = 17 5. simplify ratio
e} o]
A B 14 D
1 ) [l N
—_ T T !
—_—
b, w1
W™ H‘ bk
= ()
=1 %7
BC is Hhamissing Sackion = AC AR
=21 22
EEREETY
- &
=77
AB :BC : CD

22 6 . 4q L.
. L8 - 226149

19



Higher Methods Booklet 2023

Ratio: using ALGEBRAIC fractions

C

= : a _
If a:b=c:dthen rewrite as b d

then cross multiply and solve

Example 1: Solving algebraic ratios

Solve the following
x-2 x-3
2+2 X x+4
(x-T)(x+%) = (x —3)(5“"7-)
x'42x-3 = x=x=-¢

- -x*
21x-83=-x_6
+2x +x
3x-3:=-6
+3 +8

Example 2: Solving algebraic ratios

X-2:x+2=

x-3:x+4

v
R
1]

w|

in
v|n

—

a=vV7++cind b =63+ Vdere cand d are positive integers.
Given that c:d = 1:9 find iry simplest form the ratio a:b

0) 2
$et R.Fr.a
A% =d L=3ﬁ+ﬁ
\’ L=3ﬁ+f‘!_c
L=37+8afc
| 37 & 3fc

®a Y.z

b T35 «3fc
a NGa+§c
L Py
a . L
T 3
. a:b=|=:3.

Ratio: using ALGEBRAIC fractions

Example 3: Solving equations for changing ratios  Sieps

The ratio of the number of men to the number of
women in an office is 2:3.

Four women leave the office.

The ratio of the number of men to the number of
women in the office is now 4:5.

Work out the number of men in the office.

@ MW

2x: 3X

1. original ratio with x

2. expression for change
3. = new ratio

4. rewrite as fractions

5. cross multiply and solve

Mm:w
(@D Four women leave — 2x: 3x-§

€) 2x:¥3x-4=%:5S

@ 1x 4
Ix-4 >z S
® 50 - 4(3x-%)
10x = \2x-Ib

- ‘ox -0%

vmberof men in
':ﬁ'(g ovi;‘!;q"_\, was 2X

Q= e 2xa20) k6
_ll§=7;1c Udbmenintueofic
: e ffis

x:%

20
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Ratio: combining ratios

Example 1:
Given that m:n = 4:6 and p:n =5:10

Find the ratio m:n:p. Give yougganswer in its simplest form.
—

suqrov'ld!
m:n n: Find common
4: 6% 1003 multiple for the
4o 60 30 matching part
_\o( Mm: n ? of the ratios
6 3

Example 2:

There are 4 times as many blue pens as red pens

and 5 times as many red pens as green pens in a box.
There are 78 pens in the box.

Find the number of pens for each colour.

B: R R:G
4:|*5 yS:I
20: 5 ¢ |
B:R:C

21
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TAGGED / SAMPLING

1) Let x = total number of

2) Use similar fractions to form an equation total | sample
3) Solve to find x Togoed |, fuped
Example 1: 'Tagged' questions s il = Smple
Sarah wants to find out how many ducks there are in

a park.
One day she puts a tag on each of the 30 ducks.

The next day she catches 20 ducl(\s " ~— h‘,,d (Mnl)

_8 of these ducks have tags on them®

‘ZmG out an estimate for the number of ducks in the
ark.

total |
(sompe) o2 | SEMEE- 30(20) = 8(x)

30
20 " 600=8x

x=75

Example 2: Stratified sample (where the sample is representative
of the population)
Declan works in a confectioners.
He is asked to test a sample of 40 chocolates stratified by type of chocolate.
The table shows the number of each type of chocolate inthe shop.
| Type | Milk | Dark
Number 600 220

White
130

Total
950

Calculate the number of dark chocolates required for hs stratified sample.

—‘3‘23(') sample 220(40) = 950(x)
X _ 8800 = 950x
950740 Xx=9.2631...

9 dark chocolates are required for the sample

Example 3: Stratified sample (where the sample is representative
of the population)

Hannah is planning a day trip for 195 students.

She asks a sample of 30 students where they want to go
Each student chooses one place.

The table shows information about her results

Place Number of students
Theme Park 10

Theatre 5

Sports Centre 8

Seaside

(i) Work out how many of the 195 students you think will want to go to the

Theme Park.
Total | Sample 30(x) = 10(195)
X~ L0 30x = 1950
195 30 x = 1950
30
X =65

Exchange rates

1) Draw a proportion table and add exchange rate on top row
2) Add amount to change under correct currency

3) x/+ as necessary
Example:

Harry finds out the price of a CD box set in three different countries.

The price is £98 in the UK, $134.99 in the USA, 139.99 Euros in Germany.

convert to £ convert to £
The exchange rates are:
£1=51.43 1 Euro = £0.73

Harry wants to pay the cheapest price.

From which country should he buy the CD box set? always convertto the
X1.43 xa73 currency that features in

> both exchange rates
|§1.43 €1 |£or3

Liuso|$14.9  €139.99|£102.19
"~

) -
<l43 xa7}

UK:£98

USA: £94.40

Germany: £102.19

Therefore he should buy in USA

22
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Direct and inverse proportion

Two quantities are in proportion if the ratio between the
two quantities is constant.

1) Replace x with = k « Direct Proportion:
2) Sub in pair yoax

_ y = kx
3) Find k « Inverse Proportion:
4) Write general equation y o< 1/x
Example: y = kix

y is proportional to the square of x.
When x =3,y =45
a) Find a formula for y in terms of x
’o&.&"
3: kxt
a5 k()"

45
T 9

k=S

b) Find y when x =
4 ’. 522
ye st
5-5(")

23
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Direct and inverse proportion (TABLE)

You can find a constant of proportionality if given a table of values for
two quantities.
1) Rearrange equation to make k subject

2) Add additional rows to table

3) Find k values - if the same then it is a proportional relationship

Example:
Identify which of the following statements match to the tables of
values below:
X y x2
y=kxx y=kxx?
k=y+x k=y=+x?
X2 25 36

5 6

X

y 400 576

k  400+5=80 576+6=96
k

400+25=16 576+36= 15 y x2

(where constant of

x2 4 9 proportionality is 16)
X 2 3

y 24 36

k 24+2=1_ 36+3=12 y X

k 24+4=6 36+9=4 (where constant of

proportionality is 12)

Machine days (proportlon) U

7 machines in a factory can produce 105 unlts in 5 days. «— D

M ~If the machines all work at the same rate, how many machines /M
are needed to produce 156 units in 4 days?

[ ~D
U
Solve for K Find missing factor

wer md u=3nD :

1. Which factors affect the :
number of units? :
machines & days H
U=KMD :
Substitute :

Mx D :

I
I
I
I
I
I
I
A

St)y: IMm (u\ Rewrite equation
W: kmb i) Substitute

Solve for missing factor

2
3
4.
5. Solve for K
6
7
8

WoSY: k) (S)
s =« k35S
2k
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Sequences: Linear

Linear sequences are expressed in the form __n +

/ AN
1st difference term before
1st term

Example:

a) Find the nth term rule for the following sequence:

3 +3 +3 +3 +3 Answer: 3n + 5

b) Find the 10th term of the sequence

Letn=10
3(10) +5=35
Tofind ifatermisina

c) Is 48 a term in the sequence? sequence ...
3n+5=48 1) make term = nth term rule
3n=43 2) solve to find n
n=14.333... 3) - YES if nis an integer
Therefore 48 is not a term in the sequence. - NO if nis not an integer

25
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Sequences: quadratic

1) Find 1st and 2nd differences

)
2) a = 2nd difference + 2
3) Draw table

)

4) Find nth term for linear sequence (where necessary)

Example:

Find the nth term rule for the following sequence:

4 13 26 43
N A
+9 13 +17
U
+4 +4 a=4+2=2
n* I 4 q 16
Seqatnce [ 13 26 43 2
es2 | 2,0 2 . g 32 D2
st | 2 o 8 Il |943n-I
~d

Answer: 2n2 ¢ 3n- )
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Simultaneous equations: linear

1) If necessary, multiply one or more equation to get x terms (or first
letter) the same

2) Subtract the equations
3) Solve to find y
4) Sub answer back in to find x
Example 1:
Solve the following pair of simultaneous equations:
x52x+2y=14 & loa +loy = 7_0 touching signs!
=3y +

X25x-3y=19 9 |Qu
1&3.2 @

1616

2% v 2(2) <14
2+ 4214
~y -4

2xel0

2 L S

Example 2:
Solve the following pair of simultaneous equations:

4x =3y =5eqn. (1)

1
x+y:_§eqn.(2)

4x-3y =5
4-><+Zyﬂ eqn. (2) x4 To find x:

4x-3(-1)=5 sub into egn. (1)

-7y =7
- 4x+3=5
4x =2

X =05
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Simultaneous equations: quadratic

1) Make x or y the subject of the linear equation

2) Sub in to quadratic equation
3) Rearrange to make it equal zero
4) Factorise and solve
5) Find corresponding values
Example:
Solve the following pair of simultaneous equations:
Oyxeuiye=13

x-y=1
1: I Make x the subject of the

linear equation (easier to
@ x:)s 3 / make x the subject here as y
is negative)
M@inte @

{Io-:’)' ’,’ a8 +— Sub linear equation into
quadratic

Iray 0," ru':ﬂ
aytegy e
Xm0 —
2 27z

Rearrange to = 0

y'ob-sso
(a o:)(b-a)u; +~——— Factorise and solve
b in to @
xsl®*=3 xsige

Rearranging formula: subject appears
once
1) Story of x

2) Inverse operations

3) Kill in reverse order

Sub back into linear equation
to find corresponding x values

Example 1:

Make x the subject of:

y = X -4 M‘;;
5 -4 4
A
S - -8
w14
53"0'.;
Example 3:

Make x the subject of:

y=(x-4p oy ofa:

I ' ), -4 +4
2

e o b aac® |

w Y

qf‘fs&

Example 2:

Make x the subject of:

y=L+7 Sh”#’-:
3 l.+3 423
-7 7 2.+1I

%3 3
Ay-7) =2
o~

Yo a
Example 4:

Make x the subject of:

y=2x3-8 3'0’30".!-‘

45 +3 Lady
. 2 %2 | $2

g 35

Y8, 53

2

I ¥

h’_‘-.‘b

2
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Rearranging formula: subject appears
twice

1) Multiply
2) Expand
3) Rearrange (get every term with subject on LHS and every term
without subject on RHS)
4) Factorise
5) Divide
Example:
Make m the subject of:
4 —3m
f= 5+m
wlste) A(S+m)
Fls*"l) s 4-3m

5{- +fmz h-3m kill 5f from LHS as it doesn't contain the subject (m)
- s _q’ so we don't want it on LHS

'Ff" =4 -3m- 5‘- kill -3m from RHS as it contains the subject (m) so we
*3m -“3-. want in on LHS

-Fc-,t}-\e l{-SF
l"n(-F"ﬁ)l‘-l-Sf
Y

™= 4-5¢
£+2
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Functions

Instead of writing an equation as y = ... we can write it as
f(x)=...orf:x

This means that our INPUT is x and we SUBSTITUTE it in to the
function f to find our OUTPUT vy (or f(x))

Example 1: Example 2:
If f(x) = 2x2 + 3X, find f(-4). If f(x) = 2x + 3, solve f(x) = 6.
fla)=al-u43-4)  \ 2043% 6 N\
repl very X put the function
s 2-‘“’) - ;ptsgiuiciirgn 3 =3 equal to 6 and then
« 32-12 with -4 Ar* 3 solve the equation
) T3
20 x=15

Composite functions

If f(x) and g(x) are functions then gf(x) is a COMPOSITE FUNCTION.
This means substitute f(x) into the function g

Remember: always work out from the bracket!

1) Copy composite fg (X)

2) Bring down inside \—‘—/ NOTE: g?(x) is the
3) Bring down outside same as gg(x)
4) Expand and simplify f(—) —

If f(x) = 3x - 2and g(x) = x2 + 1

Example 1: Calculate: fg(x) Example 2: Calculate: gf(x)
floed s B2\ glaea) (st
e 2 -
:&:*3 * sub g(x) into f(x) *Plibx-b2 4t
3t * 922- 122 +*S

sub f(x) into g(x)
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Inverse functions

An inverse function reverses the effect of a function.

The inverse of f(x) is written as f'(x).

1) Write as y =
2) Swap xand y
3) Rearrange to make y the subject
4) f1(x) =
Example:

If f(x) = 5x - 6 find f1(x).

\ you need to recognise that

3 e at- b this means "find the inverse"

Wb Answer: §'(x) = 3u+ 6
= =
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Iteration

Substituting in your previous answer to get an increasingly
accurate estimate to the solution to an equation

Example part a): For part a)

Show that the equation x* + 2x = -5 1) Rearrange to = 0

has a solution between x = - 2 and x = - 1, 2) Sub in x-values

fix)=x2+2x+5 3) "Change in
One is negative

2)3+2(-2) + 5=-7 +— andone is positive sign  solution

therefore thereis  Detween .."

a change i sign

f(-2)=
f(-1)= (1P +2(-1)+5=2 ~—

Change in sign  solution between x =-2 and x = -1.
Example part c):

Starting with X, = 4, use the iteration formula X,+1=~/5%,- 6 to find

the values of x4, X, and .
1) Sub in xo
Xo=4
%= NB@ 6 =3741657387  2) Subanswer using [l

%2 = ~/5(ans) - 6 = 3.564868431 3) Repeat as necessary
X3 = \/W= 3.43865412 Make sure you write out all the digits

on the calculator display unless the
question says otherwise!

NOTE: If asked to explain what the values of x4, x, and xs
represent then write
"The equation was rearranged to give the iteration formula, and x4
X2 and xs are increasingly accurate estimates of the solution"

Example2: Finding a constant
A hot air balloon is descending.
The height of the balloon n minutes after it starts to descend is h, meters.
The height of the balloon (n+ 1) minutes after is starts to descend, h,,, metres, is
given by h
h,., =Kxh, + 20 where K is aconstant. /"
The balloon starts to descend from a height of 1200 metres at 09 15
At 09 16 the height of the balloon is 1040 metres
Work out the height of the balloon at 09 18 hyss

solving for k, so At 09 16, the balloon is at 1040

h,.;=Kxh, +20 BIRDMAS  h,is now 1040
(1040) = K x (1200) + 20

20 20 09 16 h, = 1040
1020 =1200K 09 17 h, = 0.85 x (1040) + 20
1200 1200 ! (1040)
0.85=K h, = 904

h,.,= 0.85xh, +20 09 18 h, = 0.85 x (ANS) + 20

=788.4

Algebraic proof
Algebraic proof requires you to form, expand, simplify
and factorise expressions

Algebraic expressions:

« Aninteger: n

« Two consecutive integers: n, n+1, ...

e Even number: 2n  Proof: "any multiple of 2 is always even"

A different even number: 2m

« Two consecutive even numbers: 2n, 2n+2, ...

o Odd number: 2n+1 Proof: "any multiple of 2 is always even, so even + 1 = odd"
A different odd number: 2m+1

» Two consecutive odd numbers: 2n+1, 2n+3, ...

Example 1: Prove a multiple

Prove that (3n+1)? - (3n-1)2 is a multiple of 6 for all positive integer
values of n Steps

9n2 + 6n + 1 _'(Snz - :6n +‘1) 1) form your own expression?

2) expand
2 - 2
92 + 6n £47- 9n2 + 6n A 3) simplify
92 +6n - 9p2 + 6n 4) factorise
12n= 6(2n) 5) write conclusion

a multiple of 6
(because we factorised by 6)

Example 2: Prove even
Prove that the difference between two different odd numbers is even

different odd numbers: must use different letters!

2n+1 2n +1 -{2‘;7:\1)
2m+1 2n+1-2m-1
2n-2m
2(n-m)

any multiple of 2 is always even
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Algebraic proof

Example 3: Prove odd remember difference is big - small

Prove algebraically that the differen‘é between the squares of any two
consecutive numbers is always an odd number
Steps

consecutive numbers:

1) form your own expression?
(n + 1)2- (n)2 2) expand

)
)
n+1 3) simplify
2 TV
on+d-n 4) factorise

2n + 1 5) write conclusion
any ultiple of 2 is always even, so even + 1 = odd

Example 4: Prove square number

The product of two consecutive positive integers is added to the larger of
the two integers. Prove that the result is always a square number.

consecutive positive integers: pro;uct a/dd on larger expression
n(n+ 1) + (n+1)
n+1

2
n+n+n+1 To prove the result is a square

n2+2n+ 1 number, factorise into the same
double bracket so that it can be

(n+1)(n+1) written as ()2

(n+1)2

square number
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Pythagoras

1) Label triangle (Hypotenuse

is opposite right angle)

2) Sub into formula: H? = A2 + B2
3) Rearrange and solve ; H
Example:
A rectangular field is 20m long and 15m wide. A
Find the diagonal length of the field.
........... H H2 =202+ 152
ol H2 =400 + 225
Bp_ e
20m A H2 = 625
H=+625 H=25m
Extension:

The perimeter of a triangle is 30m. It has two sides of lengths 8m
and 12m. Is it a right-angled triangle? Justify your answer.

P=30 — 30-12-8=10m 122=10%+ 82
144=100 + 64
Hypotenuse is the 12m 144= 164
longest side 10m (IF TRUE!) .
By Pythagoras’ Theorem; it
is not a right - angled
8m triangle
SOH CAH TOA

To be used with RIGHT ANGLED TRIANGLES only

1) Label triangle (H, O, A)
2)
)
4) Form equation and solve

SOH

/\

Circle what you have and what you want

3) Pick and draw ratio triangle

CAH TOA

A\ /o

/Sin(x) H\ %os(x) |-|\ Tan ()| A

Example 1:
Find the missing length x:

@ 15@

X

SRS
x =sin(35) x 15

X x=8.6(1d.p)

sin(35)| 15

Example 2:
Find the missing angle x:

@ Q-
%

cos(x) =
x=cos(6 + 9)
x=482(1dp) /cosx)| 9

6
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Exact TRIG values

Trigonometry questions could appear on the non-calculator paper.

In this instance you will need to know the following exact values:

0° | 30° | 45° | 60° | 90° Here is one way you can memorise
. 5 % 2 | B q the values forhsmvand.cos‘. .
2 2 0" 30° 45" 60" 90
B2t sinf01 2 3 4
s | Lo |52 |0 cos/4 3210
N3 -
tan o | 5| & V3 | £ 2
To find tan... you can use %(L)l
Example 1:
Find x without using a calculator
, V3 =3 x /5
sin(60) = —— X="5"==
60)= 2T
(0) X x = 3xV5
NG 2
S|H /7 7v/5
x= V15
2

Example 2:
Find the exact value of 4cos(30) + 3tan(60) without using a calculator

- 3
cos(30) = 73 4(%) + 3 (3)
tan(60) = V3 23 + 303 =273
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Sine rule sine sausages!

1) Circle two paifs
2) Label thing you want to find a (side) or A (angle)

- sinA_ sinB
3) If finding angle‘.T =

a
If finding lengthgina = “sinB

4) Solve equation
capital letters = angles
Example1: lower case = sides

Find the missing length in the shape below:
& label missing length a

5
sin(48) - sin(30)
x = 5  x sin(48)
sin(30)
X = 7.43(2d.p)

Example1:
Find the missing angle in the shape below:

59 _ s
9 7
x9 *9

»P » 3n28  q
?

\
label missing angle A o: s;,\-'( 9023 q) °
® s
>3 37.1

HINT: if you can't straight away spot TWO PAIRS think about finding
the third (missing) angle.

Cosine rule

1) Circleone pai
2) Label thing you want to find a (side) or
A (angle) - this should be included in the pg§

cosine sausage!

2) Sub values in cosine rule:

« To find missing angle * To find missing side
(three sides given) (enclosed angle)
2 2 _ 2
cos(4) = bi+cf—a” a? = b? + c% — 2bccos(A)
2bc
NOTE: b and c are the other lengths (order doesn't matter)

3) Solve

Example1:

Find the missing side in the shape below:
a? = b? + ¢? — 2bccos(4)
Q8 = (22)* +(38)*- 2(22)38)cos(ia)
x?=292.53721%
'n '
2= 171 (1dp)

label missing length a

Example2:
Find the missing angle in the shape below:

L bPrct-a?
*8 @ cos(4) = ke
‘,) cata 00 2"

;=20 2(1%)(20)
[~ ) |_|
label missing angle A 8o

as m"(g) = 82.1° (1ap)
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Area of triangle

« Forright-angled triangles:
2 X base x perpendicular height
 For non-right-angled triangles:

1 .
Eabsm(C) NOTE: C is the enclosed angle

Example1:
Find the area of the triangle:

A Nen - right- gaglect. 50 use %absin(C]
c ,k (r0)(8)sin(e7)

8cm
b 7 29.25¢m2
this is the enclosed angle so label it C
Example2:
Find the size of angle y:
ach wea = i‘tb&-’n(,
this is the enclosed
'\angle so label it C 2= i (l})l‘.ﬂ);.‘n(a)
6.2cm
area = 12cm? _'i‘ D-hs-’nly)
e 2.4

» .
5= sal)

yrsa( )= 75.4° (1ap)
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Arcs and sectors minorQ minor sector
Area of a Length of an
sector: arc:
0
2Ttr
3 600 X 7Tr 36 Oo X
major arc major sector
Example:
Find:
a) the major arc length —
b) the major sector area 360 - 70 = 290

a)L= 290 x 2m x 11=35.7m
360

b)A= 290 x T x 112=306.2 m?
360

Shaded areas

1) Identify your two shapes (large and small)

2) Find the area of each

3) Subtract areas ‘

EXample: Gem D 4ecm

Find the shaded area. Give your answer to 1 d.p.

7 N\ =41.9cm?
7 \
o\'\“\““j
6.cm
D
75 x mx 102=125n 75 x m x 62=15n
360 6 360 2

NOTE: you could also be asked to find shaded area with a
combination of sectors, circles, triangles and squares. Use the steps
above and draw diagrams to help you.
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3D shapes: surface area & volume

- 4
Volume of sphere = Em'i

Swrface area of sphere = 4%
“ ’ AN
h
N e _—

- - . . 1,
Volume of prism = area of cross section * length || Volume of cone = E}n"f}

Curved surface area of cone = mi

Example:

NOTE: when estimating n (3.14159....) use 3

Jan has some metal that she is going to make into solid metal

spheres.

Each sphere will have a radius of 2.15 cm.

Jan has 1490 cm? of metal.

Work out an estimate for the number of spheres that Jan can make.

~— round to 1s.f.

Surface area of sphere = 215=2
2
AT 4(3)(22) 1490 = 1000
ound. e
48 cm’ = g o n=3

If you are filling something or splitting it~ divide

1000 + 50 = 20

ANSWER: Jan could make 20 spheres.
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Rates of change: volume

1) Find volume of shape to be filled
2) Convert from m? to litres (1m2 = 1000 litres)
3) Draw ratio table to compare time with litres

Example:
The diagram shows a swimming pool in the shape of a prism.
The swimming pool is empty.

The swimming pool is filled with water at a constant rate of 50 litres
per minute,

Work out how long it will take for the swimming pool to be
completely full of water. Give your answer in hours.

Area of cross section:

1)1x6=6m? —_—om — 10m
1m 15m

2) %2x9x(1+2)=13.5m? @ o

) %2x9x(1+2) — @ |

19.5 m?

Volume of prism: 19.5 x 10 = 195 m3
Convert to litres: 195 x 1000 = 195 000 litres
mins litres

50
+50 (C ! ) +50

002 | 1
— 195000
x195000 C 3900 | 195000 D X

Change to hours: 3900 + 60 = 65 hours

Similar triangles

Two triangles are similar if all corresponding angles are equal and
corresponding sides are in the same proportion.
HINT: look out for "triangles inside triangles"”
Example: R
PQR and PTS are straight lines.
Angle PTQ = Angle PSR = 90°

Work out the length of PT.
Divide H

12 cm

— X “ 10 em »

small scale factor big

L| 4 |r="1,=3] 12 xad - lose
dx:10+2
L| x | r=3 [10+x| > %
210
Multiply 225
<~ PT=sS
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Similar shapes

Whenever a question involves SIMILAR SHAPES use a LAV
(length, area, volume) table

NOTE: you may sometimes need L.L.A.V tables if more than
one length is being compared.

Example: . , .

_ _ o HINT: find s.f. ratios as fractions
Two solid cones are mathematically similar. rather than decimals where
Cone A has a volume of 120cms. possible.

Cone B has a volume of 960cm3.
The surface area of Cone B is 108cm2,
Work out the surface area of Cone A.

m
A scale factor B
L r = %/g = 2
27 |r’=2?=4 108
120 |r?=2%0_g 960

120

Multiply

Answer: 27cm?2

pr

<
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Combinations

If the order is important - don't divide

If the order is NOT important - divide by 2
Example:
There are 17 men and 26 women in a choir
The choir are singing in a concert.

a) One of the men and one of the women are going to be chosen to
make a pair to sing the first song. Work out the number of different pairs
that can be chosen.

M W Order is important as first has
17 x 26 = 442 to be man so we don't divide

b) Two of the men are going to be chosen to make a pair to sing the

second song. Work out the number of different pairs that can be chosen.

M M

17 x 16 = 272 Order is NOT important as it
doesn't say which man has to

272 +2=136 go first so we divide

Product of prime factors, HCF, LCM

Prime numbers: 2, 3,5, 7, 11,13, 17, ...
Example 1:

Express 2100 as a product of its prime factors in index notation.

S

SN N

@ @ 10 10
/N / \
@ 60 6

2x2x3x5x5x7

22 x 3 x 52 x 7 (index notation)

Example 2: Use a Venn diagram for big

Find the HCF and LCM of 48 and 156~ umbers or more than 2
156 numbers!

S 5578 48 156
g\u @
Sy @6

S o
W @

LCM = 2x2x2x2x3x13 = 624 HCF = 2x2x3 =12
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Sandard form

A x10n

where A is between 1 and 10 and n tells you how many places to
move the decimal point. NOTE: if n is positive this represents a very
big number, if n is negative this represents a very small number.

Example:

a) Write 4.2 x 104 as an ordinary number.
4.2 0 0 Q. Decimalpoint moves right to make a BIG number
JuUuu Y
Answer: 42000

b) Write the number 0.000354 in standard form.
0.0003.54
AV AV AV nis - 4 as number was SMALL

Answer: 3.54 x 10+

 Multiplication/Division with Standard Form:

multiply/divide numbers and add/subtract powers of 10
« Addition/Subtraction with Standard Form:

convert values to ordinary numbers first

Standard form - calculations
Addition & Subtraction:

1) Convert to ordinary numbers

2) add/subtract

3) convert back to standard form if question asks
Example:

Calculate 4.2 x 10 + 3.75 x 10° and leave your answer in
standard form.

%2000, 42000
; 759
3.780. 45750

Ansver: 4.575 10"

Multiplication & Division (shortcut using index laws):
1) x/+ normal numbers

2) +/- powers of 10

3) check answer is still in standard form

Example:

Calculate (4 x 10) x (6 x 10’) and leave your answer in
standard form.

4xb:2y
10%%10%10"** ; |07

CHx107* o nok in stendeh fom as 1 numbe- isn'+

224 x10% bohar | ot 10
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Surds: simplifying

1) Look for the biggest square factor
2) Write square factor first
3) Square root

Square Numbers:

Example 1:
Simplify /20
" J5
2x{5
Example2:
Simplify /32
iorG VG isthe biggest e facko-!
4xiz
Example 3
Simplify 5/72
Ss X%z
S«6xV3

2
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Surds: Calculations Square Numbers:
Mulitplication & Division 1
1) x/+ normal numbers and surds separately 4
2) simplify if possible 9
Example 1: 16
Simplify 4/10 x 3/5 25
4x3xJio xS 36
2 uﬁ 49
1ax E vri 64

124 S5» 02

Addition & Subtraction

1) simplify surds to get same number under V
2) add/subtract like surds

Example 1.
Simplify 2/3 + 5/3

&~ same number under / so can be added together

Example 2 implify both ds t t b der /
simpli 0 surds to get same number under
Simplify 5/8 + 7718 * y
5(% 73
n 1xfax07
Sx2xJ 7x3xd2
= 10y * 22
1082+ 213

Surds: expanding Square Numbers:
Vaxva=a 1
Example 1: 4
/5(3 + /5) 9

16
:3[s+S o5
Example 2 jg
3+/2)(3-7/2
( )( ) 64

3 +2
3( 9 |32
-a\-37]-2

Q¢-3/h‘-3,é -2

= 7
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Surds: Expanding and simplifying

Always look for surds you can simplify before starting a

question!
Example 1:

Show that (5 —_\/E) (7 + \/5) can be written in the form a + b\2
/_ 5 -2

ﬁ_ 1135 _162 35-|'hr2+ sJz-¢%

\A}i Ny ST 3 -2

2
_&g: a=73l

b=-1

Example 2:

Given that (5 — Jx Y =y- 2042 where ¥ and y are positive integers, find the value of
x and the value of y.

5 -Jx yis Hha pm ber {unilgon S own

s E S5 -20J2 i$ Haa gord #"‘“J
- Shed +3¢
- 25 -ofi + = y 52002
25—!0& +C
:_‘2\&:‘-3’& 25+%=y
=10 =
Jxz282 25+3 =y
o 3=y
x= KY)
x=3

Surds: rationalising the denominator

"Rationalise" means get rid of the surd from the denominator
Remembervya xVa =a
Example (1 term in denominator):
wiite _&_in its simplest form. Multiply top and bottom of
\/f fraction by surd
8 2 V2
— X—= AL 2
V2 z
Example (2 terms in denominator): Multiply top and bottom of
fraction by the conjugate:
If(a+~b) (a-~b)

_ swap the sign in the
12 4 E_E denominator to get If(@a-~b) (a+~b)

3*f3 3- ]3’ the conjugate

12
Write m in its simplest form.

Numeptor Denominebor

12(3-173) 3 +/3
36-1283 3 a |9

»36-123
: £(12-273)

*12-243
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Recurring decimals

1) Let x = recurring decimal
2) Find 10x, 100x, 1000x etc.
3) Look after decimal point to spot a matching pair

4) Subtract the equations, divide and simplify

Example:

Expres 0.325 as a fraction in its simplest form.

x =0.3252525 ... 1000x = 325.2525 ...

10x = 3.252525 ... % —  10x = 3.2525

100x = 32.52525 ...
1000x = 325.25252 .. %

990x = 323

ANSWER: x = 323/990
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Percentageincrease/decrease

100 + % "me
Original Amount X (W) = New Amount

\ The bit in brackets is the multiplier:
- Add for % increase

Example 1(calculator): - Subtract for % decrease

IncreaseﬂS by 3.2%
origiral
1co+3.
55n (22202)
= 855x 1.032
= £%.76

Example 2(non-calculator):
For non-calc, find 10%, 5%, 1% and combine to

find the % you need, then add or subtract it from

Decrease £64 by 16%
\0% = 6.40
$% = 3.20
"/’ = 0. 6%
“

16% = 10- 24

the total.

t+.00
“10.24
_—

£53.7
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Compound percentages

100 + % "
7) = New Amount

Original Amount x( 100

Example 1

J
The value of a machine when new is £8000. The value of the machine
depre‘\ciates by 10% each year. What is its value after 3 years?

Aecreases bive
3
100-
3000 x (_—-ﬂlw )
= 3000 x 0.9°
> £5832

Example 2 (more than one interest rate).

Sally invests £510 in a bank account with a compound interest rate of
2% for 2 years. After 2 years the interest rate increases to 5%. How

much money will she have after 5 years, -
A gam 2ypars = Sysers ok 5%

S0 (155" (12)’

= L6y . 2%

Example 3 (finding the number of years): Use trial and improvement

Tarig deposits £3000 in a bank account with a compound interest rate
of 4% per annum. He wants to leave the money in the account until
there is at least £3500. How many years does he need to leave the

R NGS5 w0+ 30
drist 2: 300D x (%)Ltt‘?mm
Hiel3: 300D x (1004% )’ = £3374, 59
100
bl ¥ 3000 x (10034)* ¢ £3500.51 v/

Answer + H yeors

Calculating percentage change

100 t%)”’""
100

Original Amount X ( = New Amount

Example * origined
p o \

In a storm 144 fruit trees were left standing out of 180 fruit trees in an
orchard. What is the percentage decrease in the number of trees?

R coll #his 2
180 x (leo-x) = Iy
e 100 -
1% !
loo-x _ 0.3
100

=xjop  xloo

100-2+ 30
>

1005 80+ 2
-8 -l
207 x
Aswer: 20%l, decrtase
Example 2 (more than one interest rate):

& On
Toby invests £6000 for 4 years. the investment gets compound interest
of x% per annum. At the end of 4 years the investment is worth
£6885.12. Work out the value of x to 1 decimal place. R new

6000 x (“”A)’ 3 683312
— ===
4000 6000
(tee22) 2 1. rs2
100
oo
100+ . |.034a4q...
(oo
xrloo x loo

10042 s 103.4494
- 100 ~100

X¢3.494q

Answor: 3.5,
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Reverse percentages
100 + %)”’”"
100

Original Amount X ( = New Amount

Example T, deoreose = -

A car depreciates in value by 30% during its first year. Its value now
is £8960. What was its original price?

N ol thisx

new

xx (]g%;.‘!): 8460

2L x 0.7 = 8460

—_— e

072 07
x=12800
snswer: £ 12800

Example 2 (reverse compound):

A newspaper increased its circulation by 3% each year for 2 years
and the new number sold was 58195. What was it before the

increase? .
new Y

X x 1.03% = 58195
— ———d
.o3* 032

22 54, 354
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Speed, distance, time
1) Draw table

2) Use triangle to find missing values
Example 1: “DuSTy"

Harry travels from Appleton to Brockley at an average speed of 50 mph.
He then travels from Brockley to Cantham at an average speed of 70 mph.

Harry takes a total time of 5 hours to travel from Appleton to Cantham. The
distance from Brockley to Cantham is 210 miles.

Calculate Harry's average speed for the total distance travelled from Appleton to
Cantham. 3

S D T
A-B 50 50x2=100] 5-3=2 {— o
B-C 70 210 210+70=3 4

Total 3105262 [100+210=310 5
Tcth /"

Harry drove at an average speed of 62 mph over the whole

journe

xampYé 2: iNever add or subtract the |
Edith leaves her home at 10:40 am. : speed column :

She travels 60 miles at an average speed of 25 mph.

At what time does she finish her journey? x 60 x 60

N Y

NOTE: make sure you use the correct units!  seconds minutes hours
-

S=25mph  D=60miles T=? =60 +60

T=60+25=24hours On a calculator paper hit the

comma button at this point!
Change to minutes: 2.4 x 60 = 144 mins

=2 hrs 24 mins
10:40 12:40 13:04

ohrs 2dmins Edith finishes at 13:04

Mass, density, volume
1) Draw table

2) Use triangle to find missing values Density

Example: "MeDiVa"
Hannah mixes 150g of metal A and 150g of metal B to make 300g of
an alloy.——total

Metal A has a density of 19.3a/cmB3. m =« = =rrmromim i
& J iNever add or subtract the
Metal B has a density of 8.9g/cm3. density column ,

Work out the density of the alloy.

D M Vv
Metal A| 19.3 150 “?%;;092'?_:’7

Metal B| 8.9 150 | °7%7

16.85393....
300+24.62595.. 7.77.. +16.85 =
Total |3 55260505 300 o4 60505, T ond
Answer: 12.8g/ \ 3
3

cm
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Force, pressure, area

Pressure| Area

Example:
A box exerts a force of 140 newtons on a table.

The pressure on the table is 35 newtons/m?.

"FiliPA"

Calculate the area of the box that is in contact with the table.

F=140 P=35 A=?
A=F+P
=140 + 35

=4m?

AVERAGES: 'Viean' iviean
Example:

This year two classes, A and B, will be
taking the

November exam. puvbe-

There are 20‘§ﬂjents in class A.

There are 47/ students in total taking the "TiMoNe"

exam.
On the recent mock paper the mean mark
for class A was 72.

The mean mark across both classes was

6_8. Number
Find the mean mark for class B. Mean | (in class) | Total
22220
ClassA | 72 20 = K40
Class B |30 | 41-20 [ a6-m0
YL 227 S 756
68 x4&7
Total 68 47 «319
NEVER add or subtract in g s 65

the mean column
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Velocity-Time graphs: distance

The AREA UNDER a velocity-time graph represents the DISTANCE TRAVELLED.

1) Calculatewidth of strip = time + no. of strips

2) Add strips of equal distance to your graph and connect the top of the strips
with a straight line

3) Find the area of each region NG TE: area of trapezium =¥4(a + b)h

4) Add the areas together to find an estimate for total distance travelled

Example:

The graph shows how a car's speed in m/s varies in the first 6 seconds
after the car moves from rest.

Use 3 equal strips on the graph to estimate the distance travelled in the
first 6 seconds. Width of strips:
6+3=2
32 5 I Area 1:
Speed 05x14x2=14
Area 2:
' : 0.5x 2 x (14+32) = 46
0 it 11";1'&1 ] s . S Y Area 3:

fune(sreonds 0.5x 2 x (32 + 36) = 68

Total distance = 14 + 46 + 68 = 128 m
If asked whether your estimate is an overestimate or underestimate ...
- UNDERESTIMATE: because area between curve and trapeziums
isMIuded
- OVERESTIMATE: becausgea between curve and trapezium is

included

Velocity-Time graphs: acceleration

The GRADIENT of a velocity-time graph represents the ACCELERATION

1) Draw tangent at the specified time
2) Pick two clear points on the tangent (one on either side of original
point) Y2—W

3) Calculate gradient usit x, — x;
Example:

The graph shows how a cars speed varies in m/s in the first 6 seconds
after the car moves from rest.

Estimate the acceleration of the car at t = 4 seconds.

2; %
& “"7'3‘
40 HH
30 ms 3‘ -24
- Tje - 4.7-2.6
Speed =
(m/s) 20 H
=5.7ms"2
10 E
0 1 2 3 4 5 6 ”

Tim e (seconds)

58



Higher Methods Booklet 2023

59



Higher Methods Booklet 2023

Probability Trees

Event 2

Event 1 Option 1

Option1 Lol option 2

Option 3
Option 1

L Option 2

Option 3
Option 1

—_ Option 2

Option 3

Option 1 AND Option 2 Option 1 OR Option 2 At least x

Add probabilities Atmost x

Multiply probabilities

X or more

uptox

Example:

There are 10 pens in a box. 6 are red and the rest are blue. Amy picks

two pens from the box.  NOTE: the pen has NOT been replaced!

a) Draw a tree diagram to represent this information

b) Work out the probability that Amy picks two pens of the same colour

Pick 2
R P(RR) = 6/10 x 5/9 =
5/9
Pick 1
6/10 4/9 8 | PRB)=6M10x4/9=
R | P(BR)=4/10x6/9=
6/9
4/10 B
3/9 B | P(BB)=4/10x3/9 =
P(RR)orP(BB)  P(RR) + P(BB)
30/90 + 12/90
42/90

Probability Trees: Algebraic

30/90 *

24/90

24/90

12/90 *

Sometimes it can be quicker NOT to draw the whole

tree diagram but rather consider key options.
Example 1: ced=7,bag=x ,whlk =x-7
There are some red counfers and some white counters in a bag.
At the start 7 of the counters are red and the rest are white.
Alfie takes at random a counter from the bag, he does not replace it.
Alfie takes at random another counter from the bag.

The probability that the first counter Alfie takes is white and the second

counter Alfie takes is red is 21/80. frst coviter nat lqhmd!
Work out the number of white coyhters in the bag at the start.
2|
2 =%
x-1 X x-l R
J‘/ w =
x1 7 _2
X *x-1 " %0
AN
Ga-) U
z(x-ﬁ
\ > 20
Tx-ba, 2
Tox
26T « 11 ()
+
3920 = 2l -20¢
_55‘531 - :ﬂw ~Stox + 3120

0= Ux'-58lx+3920
2 .
Y qr“‘“"‘
3x'~ §3% + 5600 “s'zm,
x= -3 1 JOH KN
2(3)

e/ ¥

= =N
ﬂ :-“,f have o whele unLU’D‘ uv-hrs_'
L5 bag: 4
hike = -1
v Slb-T L Tharewere 1
= re Uv'\*%
—

fmee——
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Probability Trees Algebraic
Example 2: with RATIO

John has an empty box.

He puts some red counters and some blue counters into the box.

The ratio of the number of red counters to the number of blue counters is 1:4
Linda takes at random two counters from the box

The probability that she takes 2 red counters is 6/155.

How many counters did John put into the box? Aot replaced l

R:B
1x: 4x —> dohal = 5x

¢

x! =TS8
< =
Sx XRS;'L/’K
:((x-b Ls_

= ‘g
5)A5x-1
(5 5
x-1 4

25%-S ZIss
’:‘F t(\
15§(x-1) = (25 -5)
1SS x-1S$= 1SDx-30
~1S6%¢ - 150X

§x 155 = " 30
+HIST  HISS
Sx-ls
[ S
5z 25
Tohn puk o hta| o{ 5 coonbars jn Hhe box,

So Sx -.-.5(25); 125 covnters
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Venn diagrams Aand B

A B

AnotB = | —— BnotA

= +— Total

Nether A nor B
NOTE: always represent the middle section as x

Example:

A class of 30 students are asked whether they watched Casualty or Holby
City last week.

15 students watched Casualty. c H
13 students watched Holby city. @»
7 students watched neither programme. 7

How many students watched both? =30

Everything on the diagram adds upto 30 ~ 15-x+x+13-x+7=30
35-x=30
x=5

AorBor Everything y 2
{AuB} both shaded @

{A N B} A and B | Double shaded @

Everything not

{A} notA shaded

i Double Shaded A $
{A | B} A given B Everything Shaded @
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Eror Intervals: Truncating

Truncating a number is like cutting a number without rounding

Example 1: Truncate 3.7892 to 2 decimal places.
Answer: 3.78 (don't round!)

Example 2:
Steps
Lola truncates a number, x, to 1 d.p. 1) Make a list of possible numbers

_ before you decide on an error interval
The result it 6.2
2) Write in the form ... <x<...

Write down the error interval for x.

Imagine Lola has looked at her calculator and then truncated this
number, what digits might she have seen in the decimal places?

6.200000111......
6.249863896.....
6.255555555.....
6.2999989809....

Answer: 6.2 <x<6.3

Error intervals: Rounding

1) Find the upper and lower bound
2) Write in the form ... <x<...
Example 1:

Tim rounds a number, x, to 1 d.p.

The result it 8.4

Write down the error interval for x.

| | | Answer: 8.35 < x < 8.45
8.3 8.4 85

LB:8.35 UB:8.45

Example 2:
Louise rounds a number, m, to 2 s.f.
The result it 3500

Write down the error interval for m.

| | | Answer: 3450 < m < 3550
3400 | 3500 | 3600

LB: 3450 UB: 3550
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Bounds: Finding UB and LB

If you see the words "correct to the nearest ...

that means its a BOUNDS question!

Example1:

A value is rounded to 90.1 correct to the nearest 1 d.p.

Find the lower bound and upper bound.
LB: UB:
90.05 90|.15
I
90.0 901 90.2

1d.p. 1d.p. 1d.p.
below above

Example 2

A value is rounded to 560 correct to the nearest 2 s.f.

Find the lower bound and upper bound.
LB: UB:
555 565
| |
T
550 560 570

2s.f. 2s.f. 2s.f.
below above
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Bounds: calculating

S A M D R I B

+/ -1 x/ =+ |0/ O
1
overallug + us|us - Lejus xug| Y8 [ uBz |JUB |cesn
uB LB
overall B
s |LB+LB|LB-us|LBxLB B | LB | (LB |e=»
Example1:

The value of p is 4.3cm and the value of g is 0.4cm

Both p and q are given correct to the nearest 0.1cm

1
Work out the upper bound forrwhen r =p +—
q

p: 1B:425 UB: 435 q: LB:|0.05 UB|:0.15
| |
B L

42 4.3 4.4 0 0.1 0.2

for sddiion: 1B = wﬂb w

Ve = UBp+ |
LBq

U8, = 435+ !
0.05

< 24.35

Bounds: suitable degree of accuracy

1) bounds

) formula

) sub in

) calculate UBand LB
)"UBand LBroundto __ to_
Example1:

Vs

2
3
4
5

s = 3.47 correct to 2 decimal places

t = 8.132 correct to 3 decimal places

By considering bounds, work out the value of m to a suitable degree of accuracy.
You must show all your working and give a reason for your final answer.

38 D47 348
S:
3468 3475

LV ¥ SN .
t: t—'{—F—T——I cory all diy"'s
€-131S 8-1325 (

l
Myg = UB = 3475 pa24z4s6243
3-131S 022 1-

. LB :J'.S-'“S :

- 3
MY Ry g5 - 2 :::59103? 1
\_\ook'(ol"'kl.
e ofwm‘j-ﬂ\a\'
Botw UR and LB vound to Dot numbers
rovnd 10

0-223 +v > dedmal places
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Averages: estimating the mean
THE SUM OF THE VALUES DIVIDED BY THE FREQUENCY

Ungrouped data : Total fx + total f
Grouped data: Total fm + total f

Example: (where m is the midpoint)

The table shows the heights of 50 students.

Height, h, cm Frequency midpoint (m) | freq x midpoint (fm)
110<h <120 3 (110+120)=2=115| 3 x 115 = 345
120<h <130 8 125 8x125=1000
190=h =140 o 135 9x135=1215
140<h <150 23 145 23 x 145=3335
150<h <160 7 155 7 x 155 =1085

Total fm = 6980
Total f = 50

Mean: 6980 + 50 = 139.6 (to 1 d.p)

NOTE: Calculating the mean from a grouped frequency
table is always an estimate because we have used the
midpoint as we don't have the exact values for the data

Averages: estimating the median

NOTE: this kind of question may be asked in conjunction with Histograms.
1) Add cumulative frequency column

2) Find median value (n + 2)

3) Find median class (where does the middle value lie?)

4) Draw diagram with frequency above and class interval below

distance into group i
5) LB + (frequency of group X class Wldth)

Example:

The table shows some information about the time, in minutes, taken
by a group of students to travel to college in one week.

Find an estimate for the median time.

Time (m Frequenc
minutes) g W ot
0sm< 20 20 20
20<m <30 30 50 median: 203 + 2 = 101.5" value
- which lies in the interval
30<m <40 45 95 40 <m <60
40<m <60 60 155
60<m <100 48 203

distance into group = 101.5-95=6.5 . : i
v LB + distance into group  y ¢jass width
% L A 155 frequency of group
b t |
40 60

40 +(%g xzo) = 42.2 (1 dp)

NOTE: you can use this formula for the lower quartile and the upper quartile,
you will just need to use n + 4 for the LQ and (n + 4)x3 for the UQ
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Frequency polygon

1) Find the midpoints
2) Plot coordinates using frequency and midpoint

3) Join points, using a ruler, starting from first coordinate and finishing at last
(do NOT draw a line connecting first and last point!)

Example:
The table shows information about the ages of 60 teachers.

Draw a frequency polygon to represent this information.

Age (@ years) Frequency Mld-polnt
0 <a <30 6 (20+30)+2=25
30<a<40 16 (30+40)+2=35
40<a <50 14 (40+50)_2 =45
50<a <60 22 (50+60)+2=55
60<a<T70 2 (60+70)+2=65
30
204
Frequency
10
0 1 1
20 30 40 50 60 T0

Age (a years)
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Cumulative frequency: drawing

1) Add a cumulative frequency column to table

2) Plot points on graph, using the upper value of each class

3) Join points u

p to form a smooth S shape curve (the curve starts from the

lower value of the first class)

Example:

Lyndsey records the number of miles (m) she drives each day for 120

days. Some in

formation about the results is given in the table.

Draw a cumulative frequency curve using the results.

join x axis here
120 TIT
R Distance (m miles) | Frequency C.f. H
Q<m=10 4 4 100
10<m= 20 18 22
l 80
20<m= 30 24 46 [« i
| eq
0 <m= 40 40 86 60
40<m= 50 24 110
40
50<m< 60 10 120
20
0

o 10 20 30 40 50 60

Distance (m miles)

Cumulative frequency: estimating

To find Lower Quartile/Median/Upper Quartile:

1) Work out the following:

- Lower Quartile: total frequency + 4

- Median: total frequency + 2

- Upper Quartile: (total frequency + 4) x 3

2) Draw a line across from this value on the cumulative frequency (y-axis)

3) When you hit the curve draw a line down and read off value

Example:

The cumulative frequency graph shows information about the weight of
60 apples. Find the Inter-Quartile-Range.

i LQ: 60+4=15
60 /;/._.,,
| M: 60+2=30
" : / ! UQ: (60+4)x3=45
45
w IQR = 133- 122
Cumulative
frequency J + =11
30 [
20
15
10
0
100 110 120 M:‘Lgﬂuoziaa 140 150

iz M
Weight ()
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Box plots: drawing

. Lower Median ~ UPPer
1) Find all necessary values
quartile quartile
2) Draw axis l /
3) Plot graph
Minimum Maximum
Example:
The table shows some information about the weights, in kg, of some
boxes:
Minimum Lower Median Upper Range
Quartile Quartile 9
12 20 25 40 47
Draw a box plot to represent this information.
Range = Maximum - Minimum
35 =Maximum - 12
47  =Maximum
10 20 30 40 50
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Box plots: comparing
You need to:
» Write 1 sentence to compare the medians
» Write 1 sentence to compare the IQR or range
» Make reference to the context or situation in the question
in order to get full marks!
Example 1:

Compare the distributions of results in a test taken by students in 7A with
the distribution of results from students in 7B

7A results 7B results
0 10 20 30 40 50 0 10 20 30 40 50
Score Score

Students in 7B had a higher median, so on average
they did better in the test than students in 7A —

Students in 7B had a smaller range, so their data was |
less spread out, therefore more consistent +~——— context!

context!

Example 2:

Compare the distributions of the times taken to complete a puzzle by
children with the distribution of times by adults

Time taken to complete puzzle - Children Time taken to complete puzzle - Adults
0o 5 10 15 20 25 0 5 10 15 20 25
Minutes Minutes
The adults

had a higher median, so on average /Context!
they took longer to complete the puzzle than the children

The children had a smaller IQR, so their data was

context!
less spread out, therefore more consistent

7
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Histograms: drawing

1) Add class width and frequency density column
2) Identify a matching pair: row and bar

3) Add frequency density scale (y-axis)

4) Draw on missing bars and fill in table

NOTE: the area of a bar represents FREQUENCY

of f frequency

cow Ifood cw |f.d vl iy

Example:

One Monday, Victoria measured the time, in seconds, that individual
birds spent on her bird table.

She used this information to complete the frequency table.

Time ( seconds) Frequency L( > | €0
— L S—
) 0<tel0 8 C 5
Ge G0 o
10+« #2120 16 lo l-G
20+« 1¢25 5] 5
25¢1 <30 12 o | 24
30 7 <50 6 l 20 [(%'5
m T T
T 1 u ! IT
Frequency L 1
density | |
H I
tH H
2H
| 2
o-g -
\
| A (N} i aa
[} 10 20 30 40 50

Time (seconds)

Histograms: estimating

If the histogram is drawn for you but there is no scale on the Frequency
Density axis (and there is no table given) use a proportion table.

Example:
The histogram gives information about the weights of athletes.

4

Area Athletes

75 15 -
=75 C ) 75
1 0.6 ) 405
X
% x 405 C405 243
o
£ 5
s B 243 athletes weigh
§ between 70 and 95kg.
= |'aq— |
Bl | I
0 40 50 60 70 80 90 100 110 120 130
Weight, kilograms

45 athletes weigh under 60kg
Calculate an estimate of the number of athletes between 70 and 95kg.
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Angle facts
Triangle - all angles add up to 180°

a+b+c=180

Parallelogram - opposite angles are equal

s> 7 a=dandb=c
/ S d/ Also,

a+c=180andb+d=180
Angles in Parallel Lines:

1) Alternate (Z) angles a
a=b 2

2) Corresponding (F) angles a
a=b

3) Co-interior (C) angles

a+b=180 b

Exterior and interior angles

360
« To find an EXTERNAL angle in a regular polygon: /EA n \
es)

(sid

» Tofind an INTERNAL angle in a regular polygon: ~ EA +1A = 180°

Example:

The diagram shows a regular octagon and a regular hexagon.

Find the size of the angle marked x.

Octagon

EA:360 + 8 =45

IA: 180 - 45 =135
135

Hexagon

EA: 360 + 6 = 60

IA: 180 -60 =120

Angles around a point add up to 3600
360 - (135 + 120) = 105°

 The formula for sum of interior angles:

180(n - 2)
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Transformations: translations - +

+
1) Translations can be described using column vectors I_

2) Count how to get from one point on a shape to the corresponding
point on another shape

Example:

Describe the single transformation that maps shape A onto shape B.
NOTE: this means start at A and go to B

s 4 "\ 4right emp
! Translation vector
N -3/ 3down |
/a7 1 -3
-4 -3 -2 -10/ 1 2 4 x
:' Extension: if you are combining
By translations then just add the vectors!

Transformations: rotations

1) Draw a North arrow on tracing paper at centre of rotation

2) Hold pencil on arrow and turn paper clockwise/anti-clockwise the
desired number of degrees (90, 180 or 270)

3) Re-draw shape in new position
Example:

Rotate triangle 90° clockwise centre (0, 0).
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Transformations: reflections

1) Draw on line of reflection
2) Count distance from each point of the shape to line of reflection

3) Count the same amount on the other side of the line of reflection
Example: Lines you should know ...

Reflect shape P in the line x = - 1
L Y=X

4 -7 6 -5 -4 -3 -2 0 1 2 3 4 5 6 1 8§x

[T R A T N T |
e m T B b

Transformations: Enlargements

1) Plot the centre of enlargement on the grid
2) Write the column vector to each point from the centre

3) Multiply all the vectors by the s.f.
4) Map out new column vector from the centre of enlargement to find

and plot points of the enlarged shape

Example:

Enlarge triangle A by scale factor 2, using centre of enlargement (5, —-5)
)

Enlarge shape A by a scale factor of 2 vector journey from the centre
with a centre of enlargement (-3, -4)

L e () ()

: s. | EX:; ('S) x =( ‘0)-’3'

] 4 ] ] 2
e8¢
xap(gl)x a;(:zl)abn

"~

©.]5) (1.-5)
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Coordinate geometry: Basic graphs

1) x = a is a horizontal line

2)y = ais a vertical line

Example 1: Example 2:
Draw the line x = -1 Draw the liney = 4
¥y ¥y
12 12
10 10
8 8
6 6
4 %
2 2
-2 * o 2 3 2 -1 o
| -2 -2
-4 -4
-6 -6
-8 -8
10 10

xs-|
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Coordinate geometry: plotting graphs

1) Table of values (use x-values from question)

2) Sub x into equation to find y-values - use ( ) on calculator
3) Plot each pair as a straight line
4) Join with a ruler

Example 1:

Draw the line y = 2x + 4 for values of x from -2 to 3

: 1] .:.|-a. -1 01V 2 3

- 77

; / ylo a 4 ¢35 10
o cdeuvloler:

!,z/r . | , 2()+4

2 1 a(-2)r4=0

- (1) a3

6 (] 2 o) ret = 4

o 2 )¢ty =6
’-h-)“lca
2(3)+4 =10

Graphing linear inequalities

Approach this question one inequality at a time and do the following:

1) Rearrange each equation to the formy =mx + ¢
2) Use a table of values to plot each line on the graph

3)Fory>ory<use -—ee--.
Fory < or > use

4) Fory > or y = hatch above the line
5) Fory < ory < hatch below the line

@( The] area with all hatched sides is the region you need.
ample:

On the grid below, show by shading, the region defined by the
inequalities below. Mark this region with the letter R.

x+y%6 X 2
rearrange: shade right shade above
<b-2
shade below
X+y<6 XE-E
AN
2/,
A
&)
« >‘>
4 >\
| Y
e /z/|/~// LoLfl g2
- /)\\
o 7;
4 3 2 4 1 2 3 4 5 A7 8%
7 AR
, 2%
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Coordinate geometry: y =mx + c

In the form
y=mx+cC

gradient y-intercept

Example 1:

Find the gradient and y-intercept of the liney = 2x - 3

3«350*-1
g-wwol-s -3

Example 2:

Find the gradient and y-intercept of the liney =5 -3x

gradiert= -3
Y-intespt= §

Example 3:

Find the gradient and y-intercept of the line 2y - 3x = 6

“3x:b
av&.h- +3x

Hegom

2 2 2
.l 0‘3
Yy=3~

m:%
y-intermpts 3

\

needs to be rearranged
to make y the subject
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Coordinate geometry: gradient

For any two points (x4, y;) and (x,, y,), which may be given or
identified from a graph of a straight line.

Gradient:
_ Y2 =W
X2 — X
Example 1:

] ) o 2 Y X Y2
Find the gradient of the line segment joining (2, -2) and (0, -6)
L 4
m = -b&ED2 -4

0-2 -2

Example 2:

u Y x Y m
The line segment joining (5, -2) and (8, c¢) has a gradient of 3.

Find the value of c.

3. céa.
3-5

Ject2

3
8 N

Q= c+2
-& -&
Te0

C3?

Coordinate geometry: Length of a line

For any two points (x1, y1) and (xz, y2), which may be given or
identified from a graph of a straight line.

Length of a line (distance between two points):

d=ylr—x)?+ [ —y)?

Example 1:

u Y % Y2
Find the length of the line segment joining (2, -2) and (0, -6)

d.-J{o ~2)t+(-6--2)%
fario
{20

Example 2:
. L i xuY 4
The length of the line segment joining (1, 5 and (16, p) is 17.

Find the possible values of p.

7 = J(1 Y 4 (p2) 2
17 =J0s)? + (p-2)’
[\ at
281>25 +p2-4pr 4

289 = 229 +pio
-28% 294 g

0cpt-tp-c0
©= (p-10)(p+e)
psl0 pe-b
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Coordinate geometry: Midpoint of a line

For any two points (x4, y1) and (xz, y2), which may be given or
identified from a graph of a straight line.

Midpoint of a line:

(xl tx 1+ }’2)
2 2

Example 1:
W % Y2
Find the midpoint of the line segment joining (2, -2) and (0, -6)

(52 25)

& T
A URD)!

Example 2:

A
M(1, 5) is the midpoint of PQ. The coordinates of P are (-2, 3),

find the coordinates of Q.

Y

22%),3+9) - (05)

2 2

..1_"—1'| ;_’.‘)_:5
> %

LY S x2 *2
~2ensd ey s 10
XN 42 -3 -3

24 7
Q=(4,7)

Coordinate geometry: Equation of a line
Y=y =mx—x)
To use the formula you need...

O gradient
0 pair of coordinates

Example 1 (given gradient and a point):
-
Find the equation of the line with gradient 2 that passes
* By
through the point (4, -2).
5-5,:«(&-:.)
. l(x-4)
503»‘0:»“
-* -2
Yzix-18

Example 2 (given two points):

Find the equation of the line that passes through the points

a2
(5, % and (?: h We aren't given the gradient
S0 use Y — .
mz-1-7 8y m=2""
3-5 -2 Xy — X
5' 71s ‘6(8-6)\ You can use either pair of
y s kx-20 coordinates here
* »
'3’10:'!3

Example 3 (in the form ax + by + ¢ = 0):

Find the equation of the line that passes through the points

2 %l Y %; )

(-5, 3) and (7, 5). Leave your answer in the form ax + by + c = 0

misd L2l
w6
e
yo3 - flacis)

% b %6 —— always multiply by the denominator to clear the
fraction before you expand the brackets!
by-18: 1= vs)

Ag=R D
a7
- v&:’ -\g:=5

b 2
sl -1:0
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Coordinate geometry: parallel and

erpendicular lines
fm=a
Gradient of parallel line = a

Gradient of perpenducular line

Example 1:

y =-5x

+3

=1
a

Y=y =mlx—x)

To use the formula you need
O gradient

[ pair of coordinates

a) Write down the equation of a line that is parallel

b) Write down the equation of a line that is perpendicular

me-9

0 ,--5;“\
b) 3--;;-5/

Example 2:

perpendicular.

The + c can take any value as the
question asks for the equation of
any line that is parallel or

Find the equation of the line that is parallel toy = 2x - 1 and

& 9
passes through the point (1, %).

ms2

y-8=2{a- V) —— usey — 1 = m(x — X1 o find
the equation of a line that goes
through a specific point.

y-ie

w2

Y226

Example 3:

Find the equation of the line that is perpendicular to
X +4y - 6 =0 and passes through the point d‘, %’)

"’“3- 6=0 Need to rearrange intoy = mx + ¢
form to identify the gradient.

-

-%

—be-2
‘“‘195 - -6

3
%

-xtb
ﬁv;t’

4
2+3
3

ms'.k

bmz4 — Perpendicular gradient is negative

Yy-3¢(2-)
-fsux-4

+8

3

\a-'nok

reciprocal

Coordinate geometry: finding the

equation from the graph

1) horizontal line: x =a

2) vertical line:y

=a

3) For all other lines:
- choose two points and use the gradient formula
- locate y-intercept

-subintoy=mx+c

Example 1:
: (a,4)
: 11—}
1 [.J ,9)
m'i:—°-= _”, sy
9-1 \
3~%«|~u'\-; -4
“I Ha.’q

Example 2:

8

1-3 -2
3-Wn3
s=-x.03
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Equation of a circle

X2+y2=r2

@
N
S

Diameter

where centre is (0, 0)
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Equation of tangent to a circle

1) Find gradient of radius from centre to ~ Gradient: 12 _il
2711

point

2) Find perpendicular gradient (-1 + ANS)

3) Sub values into y —y; = m(x —x;)
Example: Note: centre of the circle is always (0, 0)

T is a circle with equation x2 + y2 =9
P(5, 2) is a pointon T.

Find an equation of the tangent to T at the point P.

: : . P(5, 2)
Gradient of radius: Equation of tang%nt: O
t I [}
-S
2-0_2 bm=2 (s5,2)

5—-0 5
y-22°2(x-9)
Gradient of tangent: >
_ - 's +* 25
_1.2_28 ;T
5 2 2
Y= ’_J--r.artl
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CIRCLE THEOREMS

The angle at the circumference in a semi-circle
is a right angle (90°).

Circle Theorems: Angles in Circles

The angle at the centre is twice the angle at the

circumference.

&

AN
£>

Angles in the same segment are equal.

Opposite angles in a cyclic quadrilateral add up

to 180°.

a+c=180
b+d=180

S
0«

%
P

The line from the centre of a circle through a
chord is a perpendicular bisector.

Circle Theorems: Tangents and Circles

The angle between a tangent and the radius is a
right angle (50°).

%

()

Two tangents drawn from the same point to a
circle are equal in length.

Alternate Segment Theorem: The angle between
a tangent and a chord is equal to the angle at
the circumference in the alternate segment.

(o>
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CIRCLE THEOREMS

Example 1: Find value of missing angle

B, C and D are points on the circumference of
a circle, centre O.

ABE and ADF are tangents to the circle.
Angle DAB = 30°

Angle CBE = 70°

Work out the size of angle ODC.
Give a reason for each stage in your working.

Maths Reason
< ODA = <OBA = 90 angle between radius and tangent is 90°
<DOB =360-90-90-30=150 | angles in a quadrilateral add up to 360°
<DCB =150 =75 angle at the centre is twice the angle at
2 the circumference

reflex <DOB= 360 - 150 = 210 angles around a point add up to 360°

<OBC=90 - 70 = 20 angle between radius and tangent is 90°

<ODC=360-75-20-210=55| DOBC is a quadrilateral, angles in a
quadrilateral add up to 360°

Answer = 55¢

CIRCLE THEOREMS

Example 2: Find expression for missing angle

Diagram NOT accurately drawn

A, Band C are points on the circumference of the circle, centre O,
TA and TB are tangents to the circle.

CA =GB

Angle ATB = 2x°.

Find an expression for angle ACE in terms of x.

Maths Reason
< OAT = <OBT =90 angle between radius and tangent is 90°
<AOB =360-90-90-2x | anglesin a quadrilateral add up to 360°
=180 - 2x
<ACB = 180 - 2x angle at the centre is twice the angle at
2 the circumference

=90-x
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Graph Transformations d/

Outside Bracket= changes y = expecte

Inside Bracket= changes x= oppositee

f(x +a) (x-a,y)
fy+a | (x,y+a)
f(ax) (¥/a,y)
af(x) (x,ay)
Example:

v

=(x)

L) (’09)
(-4,0)
(o,2)
(6,0)
( "v"’

e, 0)

n (=9)

(-#,0)
(o,2)
t6,0)
(12,-2)

L1k, 0)

q (= )
(-%)0)
(9,2)
16,0)
(12,-2)

W&, 0)

(%3,4)

(3,9
(9,0)
(15,2
(19,9)

(*,%)
1-4,0)
(o, 4)
(s,0)
(12,-%)
W\, 0)

(*,-9)

(o,-2)
16,°)
3,2)
\,0)

Special Caseglearn!):

y = f(-x) = reflection in y-
axis

y = - f(x) = reflection in x-
axis

Sketch the graph of the following:

a)y =f(x- 3ynside - changes x - opposite

b) y =_2f(x)outs{de - changes y - expected

(Xs)peclat case - reflection in x-axis

c)y=-f

q\‘/q

(s,-2)

The shape of the graph will stay the same.
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Trigonometric graphs

¥
! ¥ = sinx®
-80* o ap* 1807 70" 3507 450° 5407
-
¥
1
¥ = coax"
80" o] aons 180° iTo" ls0” 480" 540
4
¥
.
]
]
)
:
1 i
1
! =
| | ¥ = tanx
]l 1 L X
160 7o 3607 450 S40°

Types of graphs

Quadratic Cubic

— o3 —
or y=- y=X o0r = -

b ’ J ¥y

Reciprocal

« « y=23a/, or y=-3/,

Ve Y

DI
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Column vectors - +

» Column vectors are used to describe translations I+
* You may need to do calculations with them too!

Example 1: a:(';) and b:( 51)

a) Write down as a + b as a column vector
(3)-()-G:3)-6)
3 -1 3 +-1 2
b) Write down as 2a - b as a column vector
-2 5Y_(4-5\_(9
25)-(3)-(:3)-6)
Example 2:

Given that c:( 5‘1)@ point P, draw the vector ¢
5 right and 4 down

Remember to
label the direction
too!
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Vectors

1) Write down the route you can take e.g. AD = AB + BD
2) Use vectors to describe the journey

3) Add any new vectors to your diagram

NOTE: vectors are the same if they are parallel, equal in length and go in the

same direction (if they face the other direction add a minus in front)

Example: A

OAB is a triangle.
M is the midpoint of OA.
N is the midpoint of OB.

Show that AB is parallel to MN. e u N

To show vectors are parallel (or lie on a straight line) you must show
that one is a multiple of the other.

To find AB: To find MN:
AB = AO + OB MN = MO + ON MN = 0.5(AB)
AB=-m+n MN =-0.5m + 0.5n MN is a multiple of AB

— parallel
MN =0.5(- m + n)

Congruent triangles

When two triangles are congruent they will have one of the
following properties:

1) Three sides are the same (SSS rule):
The three sides of the first triangle are equal to the three sides of the
seconc

2 Y 4
triangle n "

2) Two sides and one annle ara tha ecama (SAS rilg);
Two sides of the firsttr  ~ * - s *® -~ 50f the second
triangle and the

included angle is equal.

3) Two angles and one side are th
Two angles in the first triangle are o cond
triangle and

one corresponding side is equal.

5cm 3cm

4) Right-angle, hypotenuse and side a Sem
In two right-angled triangles, the lengtt ry le
of one triangle, is equal to the length of the hypotenuse and

corresponding side of the other triangle
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Bearings
1) Measure clockwise
2) Measure from direction of North

3) Write as a 3 digit value

NOTE: always draw a diagram!
Example 1: Measuring a bearing

A ship is on a bearing of 050° from A.

this is where you start

180 179 P

0 10 7 h
20 agso/, /, S Ip

%7

\.

/

N
“\\‘\\\

N

ol Q()‘L Q
® O S

08 05 00v

Lool o

Example 2: Calculating a bearing
The diagram shows the position of two airplanes, P and Q.
The bearing of Q from P is 070°.

Calculate the bearing of P from Q. Not drawn accurately
this is where you start ~ N
The North lines are parallel, so
use the facts you know about
angles on parallel lines

180 70=110

co-interior angles add up to 180

Bearing of P from Q =360 - 110 = 250

angles around a point add up to 360

Answer = 2500
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Circle thgorem proofs

—MMMMMM/DL
Poimhm cireumferente
- Do gt ;

Prove that angles in the same segment are equal

- Madks Peason

Lok < ACB =%

< AOB =2xoe=2n Qﬁw‘;a?mt/ﬂ(.ﬁ%wf@.womﬁu
at’ tas Circumference

<ADB =27 22 = ole ok circumference i ol

e wtﬁ(.a ot Hae antre

<ACH = <AD@ buf»\/{ﬂjzxa/\& AOH-L
m\ﬁlu o Hie Seune _cgmwut

Circle theorem proofs

N
C — Ladnl comtre anid
ngyt/bazt cortumference
g _ Droaw e OF form
e #via/\ju.s
- Lokl x cuwlj

Prove the angle subtended at the ¢ircumference by a semicircle
is a right angle

Maths Romson
j_;/t—<A-OC:)Lome<ﬂOC:J
oy = 150 Phgles on sivaglit ine addel o 150"
<DAC:<ACOZ%¥ Bouse o Jo/.’anisowt’w@rew
2 G0-4%% A’y\é[_u v a_‘fVLﬂ-’Llﬁ(l Qﬂd/u/ﬂ% 180"
Sianilarly, o ‘
<OBC =< oCB < % Sa;ecw_jéw Q/ an soscales ewe ogual

= ﬁO*'ZLj fh/:ﬁi_u s 'M'aﬁlz add op +o 180°
CALB = q0-4x v 90-4y < ACB = 40" which s fue angle
= (80 - 4x dy Gubshansed ot g circmference
=is0-2(ray) by e semi-circle
[sinee H+y =IO fropn abore]
= 180 - 4 4g0)
a0

92



Higher Methods Booklet 2023

Circle theorem proofs
= Ll contee and.

privds ak clreumyerence

— Dvauw Line OC Fo form

two Wia,/@(.e_s‘

S

Prove that the angle subtended by an arc at the centre of a circle is
twice the angle subtended at any point on the circumference

Mathns Prason

f’\g/f:<OCA:x- 91\.0(4058:\7
£ OCA=< OAL =

Bouse cngles of e isoseales pre equial
(o ana;lﬁoﬁ are both roplins)

< (DA = 1§0- 2% frvgles in o Hiangle add up o 180

Sinae

’ N
<0OCHh :(C@Off} BGJLEUL”LMD%M(SC‘SWJ‘@J‘E @WL
< (DB = 180-2y Angles un o Piangle add upHo 180"

< KOB = 360 -(k0 22) @Ezy < AOB is Hae angle ok Fie comitre,
= 360 IR0+ 2~ L8 +2y wlvich is foice < ARC wlm’:{» is
= 2ot 2 “he cu:ﬁte at e circwmferenta .
= 2(70«5;')
= 2 (< ARC

Circle theorem proofs

Lokl Mﬂfﬂb
ok df cumference

— Dreuw sbimederonal
chord o @r&a a rﬁﬂw

o “3“ e I

Y
Prove the alternate segment theorem
akhs Keason
ok < BAD=2¢ ,
ZRAL=H40-% HV\.@[AWM Tangent meeks raolias
s qo”°

< ALB = 1O -0 7?%:%) lo bt corcumference un co
=180 -9~ 90 +x | el -circle s 40° ,
=% AND hvx:j(é.s an/v[zw{jb.addupﬁfgac

< AEB =« WWMMMWMW
CRAD = CAER =3 where

< AERB is in e albernate
S%mwwtv‘o < BAD.
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Circle theorem proofs

—l\alwéc;«/:t/wz M@L,pam
ok circmfevence
~ Droww 0 faslots

fon Comtre
(oc ansl OF)

D

Prove that opposite angles of a cyclic quadrilateral sum to 180°

Motns Poasom,
Kol < CBA=C WQM enkre is e Hae
So < COR =2 W\,auzabf{/mwmm(e/%&

reflex < COM = 260 -7 Wuy cuainal qpmi/vtow(d to 360

_ B60-2% o hrgle ot circumference is hodf
< COR =SS ey %W@+‘m Condre.
< CBA +<CDA < CBA +LCDA = 180 wlidch

= x4+ 8O- owe vp}pwlo om_ﬁ’éz,a 075 o
= |80 (‘ﬁ(/uﬂ WCLN:{AW

|

Edexcel GCSE (9-1) Maths:
need-to-know formulae
www.edexcel.com/gcsemathsformulae

Areas Volumes

Rectangle =/ xw Cuboid =% w x h

Prism = area of cross section

Parallelogram = b x h x length

Triangle = ‘Eb xh Cylinder = rr*h

Pyramid =

i
Trapezium = 1(a-+ blh “xareaof base x h

Circles Compound measures

Circumference = Speed

1 diameter, C = nd _ distance
b T time

Circumference =

2 adius, C = 2

11 radius, T
Area of a circle = density = 1258
rix radius squared, A = rr? volume

Pythagoras ey

force
pressure =

Pythagoras’ Theorem area

For a right-angled triangle,
e
Trigonometric formulae
Trigonometric ratios (new to F)

0_0PP o_ad] 0_0PP SineRule —2_ = b ___©
sin x' hyp,onsx hyp,tanx adi ine uesinA SnE shC

" N Cosine Rule a?=b?+¢” - 2bccos A
Quadratic equations

g The Quadratic Equation

§ The solutions of ax’ + bx + 0 =0, Area of triangle = 1 ab sin C
where a2 0, are gwenbyx:ﬁg‘@ :
a

Foundation tier formulae Higher tier formulae

PEARSON




Higher Methods Booklet 2023

other useful formulae:

other useful formulae:
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key notes:

key notes:
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key notes:
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